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The Problem
Consider the 2D Poisson equation, modeling the linear deformation of a thin elastic membrane
under a prescribed force,

∇2u(x, y) = f(x, y), (1)

for locations (x, y) in the rectangular domain Ω = [0, Lx] × [0, Ly], where the Laplace operator
is defined as

∇2u ≡ ∂2u

∂x2
+
∂2u

∂y2
,

and where the forcing function f is provided for all (x, y) ∈ Ω.

Further, assume that the boundary of the rectangular membrane is held fixed, so that it satisfies
the homogeneous Dirichlet boundary conditions,

u(x, y) = 0, for (x, y) ∈ ∂Ω. (2)

Discretization
You should discretize this problem using a spatially-regular finite-difference mesh, i.e. you will
store the solution values at the discrete set of points

{(xi, yj) : xi = i∆x, i = 0, . . . , Nx, yj = j∆y, j = 0, . . . , Ny} , (3)

where we define the spatial cell sizes as ∆x = Lx
Nx

and ∆y =
Ly

Ny
. For notational simplicity, we’ll

denote u(xi, yj) as ui,j .

Within the domain Ω, the second-derivatives should be approximated using the standard second-
order centered finite difference operator, e.g.(

∂2u

∂x2

)
i,j

≈ ui−1,j − 2ui,j + ui+1,j

∆x2
, and

(
∂2u

∂y2

)
i,j

≈ ui,j−1 − 2ui,j + ui,j+1

∆y2
, (4)

for all i = 1, . . . , Nx − 1 and all j = 1, . . . , Ny − 1.

Under these discretizations, the equation (1) is equivalent to a linear system of equations,

A~u = ~f, (5)

where the vector ~u contains the discretized points ui,j , and the vector ~f contains the discretized
forcing function fi,j .

Solvers
You will solve the system A~u = ~f using a combination of two coupled iterative solvers: pre-
conditioned conjugate gradient (PCG) and multigrid (MG). Both of these methods are well-
documented in the literature, are simple to implement in serial, and may be parallelized in a
straightforward manner. You will focus on using a “matrix-free” approach, meaning that at no
point should you construct the matrix A, since both algorithms require only the action of the



matrix on a vector to operate (c.f. they require the matrix-vector products A~v).

The algorithms may be coupled in the following manner. You will apply the PCG solver to
the original problem (5). In doing so, the “P” in “PCG” corresponds to the preconditioner,
a “helper” solver that is used to accelerate convergence of the PCG algorithm. Typically, a
preconditioner will solve linear systems of the form

P~y = ~z, (6)

where P is an approximation to A. In this case, the computation of ~y = P−1~z will consist of a
single sweep of the MG algorithm.

For the MPI-based portion of this project, you may either implement the MG algorithm in
parallel on your own, or you may instead interface your code with the HYPRE solver library,
that provides highly-scalable multigrid algorithms.

Testing
You should construct both the PCG and MG solvers separately from one another. Both of these
should work on the original problem (5) on their own (but when put together they can be much
more effective). Hence, you should test your codes by solving the problem (5) using each solver
separately. Your solvers should allow control over both Nx and Ny based on an input file or
command-line options.

You should use three test problems of your own choosing (i.e. you determine Lx, Ly and f(x, y)).
However, two of these problems should be chosen so that you know the analytical solution to the
problem, so that you can determine whether your codes are bug-free, and whether they converge
at the appropriate rate, O(∆x2 + ∆y2).

Results of interest will include:

• For a fixed solution tolerance δ, how much time does it take to solve the problem with
PCG alone? With MG alone? With PCG and MG together?

• How do the number of iterations and solution time change as the problem size Nx ∗ Ny

changes?

• What is the weak/strong scaling performance of your solver when using OpenMP? When
using MPI?

• Do these scaling results improve when using both MPI and OpenMP in the same applica-
tion?


