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The Problem
This project will focus on the development of a code to approximate the definite integral of a
function of many variables,

I =

∫
Ω
f(x) dx, (1)

where Ω ⊂ IRm has volume defined as

V =

∫
Ω

1 dx, (2)

and where m� 1. While techniques from Calculus or Numerical Analysis are useful for comput-
ing analytical solutions or high-accuracy approximations when m is small and when the domain
Ω is simple, such techniques have difficulty for high-dimensionality and/or when Ω has highly
irregular shape.

Numerical Method
The näıve Monte Carlo integration approach works as follows: given a uniformly-distributed
random sample of points {xi}Ni=1 ∈ Ω, the value of the integral may be approximated via the
formula

I ≈ QN =
V

N

N∑
i=1

f(xi). (3)

It may be shown that the error in this approximation converges at the rate of |I−QN | ∝ N−1/2,
independently of the dimension m. While a convergence rate of order 1

2 is typically incredibly
slow when compared to high-order numerical integration approaches, the dimension-independent
and geometric flexibility of this method makes it highly attractive for complex problems.

Implementation and Optimizations
Unfortunately, computation of QN from equation (3) requires knowledge of the true volume V
from equation (2). This may be approximated using a similar approach as used to approximate
(1).

If the domain Ω is itself contained within a hypercube,

Ω ⊂ H = [x1,L, x1,R]× [x2,L, x2,R]× · · · × [xm,L, xm,R], (4)

which itself has volume

V =
m∏
i=1

(xi,R − xi,L)

then we may approximate the true volume V using an additional application of Monte Carlo
integration. Given a uniformly-distributed random sample of points {xj}Mj=1 ∈ H,

V ≈ VM =
V
M

M∑
j=1

H(xj), (5)



where the domain Ω is defined using the indicator function

H(x) =

{
1, if x ∈ Ω,

0, otherwise.
(6)

Combining both (3) and (5), then given the indicator function H(x), the integrand f(x), the
bounds of the hypercube H {xi,L, xi,R}mi=1, and the integers N and M , we may approximate

I ≈ 1

MN

(
m∏
i=1

(xi,R − xi,L)

)(
M∑
i=1

f(xi)H(xi)

)
, (7)

where N =
∑M

i=1H(xi), which should converge with order O
(
M−1/2 +N−1/2

)
.

Your Monte Carlo integration function should take as input:

• two functions defining both f(x) and H(y),

• vectors xL and xR to define the hypercube H (where the lengths of these vectors, m, is
arbitrary).

You should experiment with versions that (a) specify the number of random samples (M), and
(b) that specify an accuracy tolerance for the desired relative (and/or absolute) error in the
approximated integral, and that attempt to meet this tolerance using a minimum amount of
work.

Note: when moving to the MPI-based parallelism of this project, you will need to research “par-
allel random number generators” since computers can only generate pseudo-random numbers,
and you need that each processor uses different sets of random points {xi}Ni=1 and {yi}Mi=1.

Testing
You should test your method on at least three problems. Two of these should have analytical
solutions, so that you can easily verify whether your code attains the theoretical convergence
rate. A recommended test problem is the following approximation for computing π:

f(x) = 1,

H(y) =

{
1, if ‖y‖ ≤ 1,

0, otherwise
,

H = [−1, 1]× [−1, 1].

Your third test problem should be a more challenging application involving an integral defined
over Ω ⊂ IRm with dimension m ≥ 4.


