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The Problem
Consider the 3D Maxwell’s equations, typically used in the simulation of electromagnetic devices
and large-scale transmission of electromagnetic waves, that are given by the system of partial
differential equations,

∂t ~H = − 1

µ
∇× ~E, (1)

∂t ~E =
1

ε
∇× ~H + ~J, (2)

where here

• ~H is the intensity of the magnetic field,

• ~E is the intensity of the electric field,

• ~J is the electric current density, which we assume to be of the form ~J = σ ~E,

• µ is the magnetic permeability,

• ε is the electrical permittivity.

We will further assume that the computational domain is the periodic unit cube, Ω = [0, 1]3,
and that we wish to evolve the equations (1) and (2) over the time interval 0 ≤ t ≤ Tf .

Discretization
To approximate solutions to (1)-(2), you will use Yee’s scheme (a.k.a. the FDTD method). In
discretizing the computational domain into cubes, you should use a uniform discretization in
space, utilizing a grid with Nx ×Ny ×Nz computational cells, having widths ∆x = 1/Nx, etc.

Yee’s scheme employs a staggered grid, wherein the ~H field unknowns are placed at the centers
of cell faces, and the ~E field unknowns are placed at the midpoints of cell edges. A key benefit
of Yee’s scheme is that under this discretization, the vector identity

∇ · (∇× ~u) = 0

is preserved to full numerical precision, thereby enforcing “hidden” constraints on the electro-
magnetic fields ~H and ~E (i.e. no magnetic monopoles).

Yee’s scheme also employs an explicit time evolution method commonly referred to as “leapfrog”,
in which the solutions ~E and ~H exist a half time step apart, and the equations (1) and (2) are
solved one after another in repeating fashion. However, due to the use of an explicit integration
method, the time step sizes must be chosen to guarantee numerical stability, here given by the
CFL stability condition

∆t <

√
µε

1
∆x2 + 1

∆y2
+ 1

∆z2

.



Typically, time steps are chosen to be a fixed fraction of this maximum size, e.g.

∆t =
1

2

√
µε

1
∆x2 + 1

∆y2
+ 1

∆z2

.

Testing
You should test your methods using three test problems of your own choosing, as long as two of
these have analytical solutions so that you can verify that your code is bug-free and converges
at the predicted rate of O(∆t2 +∆x2 +∆y2 +∆z2). To this end, I recommend the following two:

Plane-wave solution in the xy-plane: This problem uses the parameters σ = 0, µ = ε = 1,
k = 1, ω = 2π, and has the analytical solution given by

~E(x, y, z, t) =

 cos (2πkz − ωt)
cos (2πkz − ωt)

0

 ,
~H(x, y, z, t) =

[
− cos (2πkz − ωt)
cos (2πkz − ωt) 0

]
.

This analytical solution should be used to both set your initial conditions, and to compare your
final solution.

Plane-wave solution in the yz-plane: This problem uses the parameters σ = 0, µ = ε = 2,
k = 2, ω = 2π, and has the analytical solution given by

~E(x, y, z, t) =

 0
cos (2πkx− ωt)
cos (2πkx− ωt)

 ,
~H(x, y, z, t) =

 0
− cos (2πkx− ωt)
cos (2πkx− ωt)

 .
Again, this analytical solution should be used to both set your initial conditions, and to compare
your final solution.


