
Math 6316, Spring 2018
Due 23 March 2018

Homework 3 – Numerical Integration and Richardson Extrapolation

1. This problem will consider the generic relationships between numerical quadrature error
on a single interval, degree of precision, and error of the composite version of the quadrature rule.

Let f ∈ Cn+1([a, b]) and assume that In(f) is an interpolatory quadrature formula based on an
arbitrary set of n + 1 distinct nodes, {xk}nk=0 ⊂ [a, b]. Also let In,m(f) be the composite nu-
merical integration rule formed by applying In(f) separately on a set of m subintervals of [a, b],
each having width H = b−a

m . Finally, let En(f) = I(f)− In(f) and En,m(f) = I(f)− In,m(f).

In each of the following proofs, justify your steps by explaining (clearly, and in words as well as
formulas) why they are valid.

(a) Prove that |En(f)| = O
(
hn+2

)
where h = b− a.

Hint: this is easier than the proof of Theorem 9.2 in the book (since we are not looking
for the precise constants), although you may follow their lead if desired. To do this the
“simpler” way:

(i) Use the polynomial interpolation error bound for f − πnf to write |En(f)| in terms
of the integral of f (n+1)(ηx) and ωn+1(x).

(ii) Prove that |ωn+1(x)| ≤ hn+1 for all x ∈ [a, b].

(iii) Let M = ‖f (n+1)‖∞, and use the triangle inequality along with the above bounds to
finish the proof.

(b) Using the result from part (a), prove that |En,m(f)| = O
(
Hn+1

)
, where H = b−a

m is the
subinterval width for the composite formula.

(c) Prove that In has degree of precision at least n.

2. Derive the 5-point, open Newton-Cotes numerical quadrature formula for a generic
interval [a, b] (where you may assume that −∞ < a < b < ∞). Show all relevant steps in this
derivation, since the coefficients themselves may be easily found online.

Derive the coefficients to apply one level of Richardson extrapolation to your 5-point formula.



3. (Matlab/Python) Implement both your 5-point Newton-Cotes formula, and the Richardson-
extrapolated version, as Matlab functions with the form

function [In,nf] = OpenNewtonCotes5(f, a, b)

function [In,nf] = RichOpenNewtonCotes5(f, a, b)

(or the equivalent in Python), in files OpenNewtonCotes5.m and RichOpenNewtonCotes5.m (or
OpenNewtonCotes5.py and RichOpenNewtonCotes5.py in Python). All arguments should have
identical meaning to the in-class examples.

In a script named prob3.m or prob3.py, compare the performance of the composite versions
of your functions (via the provided composite quadrature.m or composite quadrature.py

function) against the Simpson’s and Richardson-extrapolated Simpson’s methods from class, on
the problem ∫ 6

−3

(
ex/3 + sin(8x)

)
dx

using m = {25, 50, 75, 100, 125, 150} subintervals. For each value of m, your script should display
the relative error in the approximation. For the last five m values, your script should also output
an estimate of the rate of convergence for each method.


