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Introduction

This project will focus on numerical methods that are specially tuned for systems of ordinary
differential equations that model hyperbolic conservation laws,

∂tU(t, x) + ∂xF (U(t, x)) = 0. (1)

Analytical solutions to these scalar conservation laws should remain conservative, in that their
energy does not increase (or decrease) over time, i.e.∫

Ω
(∂x2U(t, x))2 dx =

∫
Ω

(∂x2U(t0, x))2 dx, ∀t ≥ t0. (2)

Typically, such problems are first semi-discretized in space, resulting in a large coupled system
of time-dependent ordinary differential equations,

y′(t) = f(y), y ∈ Rn, t ≥ t0, (3)

where n corresponds with the spatial mesh and discretization approach. Unfortunately, not all
numerical methods preserve this conservation property. Of the two types of conservation viola-
tion errors (energy increase vs energy decrease), the former gives rise to numerical instabilities
that grow over time, causing the resulting simulations to become unstable, and are typically of
greater concern to practitioners.

Strong stability preserving (SSP) methods are numerical methods that have been specifically
designed to ensure that energy does not increase over time on these types of problems. The
simplest such method is typically forward Euler, which may guarantee energy stability under
appropriate restrictions on the time step size, h. Recent research has worked to develop higher
order methods that also bound the total energy. Because of this, such methods were originally
referred to as total variation diminishing (TVD) methods [1], since as seen in equation (2)
the “energy” is directly proportional to the curvature (or variation) in the solution. However,
SSP methods satisfy the stronger property that they will preserve any convex functional bound
(e.g. positivity) that is satisfied under forward Euler integration.

Many higher-order IVP methods indeed satisfy these stability properties, however such stability
often comes at the price of significantly tighter restrictions on the time step size h than required
for forward Euler. Therefore significant research has focused on the development of “optimal”
SSP methods, that guarantee the increased stability properties for larger h values, or may do
so for Runge-Kutta type methods where the order of accuracy equals the number of stages
(different folks have different definitions of “optimal”). Initial efforts in this area relied on
simplifying assumptions, including support for only linear f(U) and/or autonomous ODEs, and
support for only explicit time integration methods [2,3,5]. More recent work has extended these
methods to nonlinear and non-autonomous problems [6,8], and even to mixed implicit-explicit
(ImEx) integration methods [4,7].



Project

The goal of this project is to investigate higher-order accurate SSP methods for one-dimensional
conservation laws. These SSP methods may be of either linear multistep, Runge-Kutta, or
general linear type (or others you might find). Given the wide array of different available
techniques, I expect that no two students will choose the same methods. To help get you
started, I have provided a variety of papers in the “References” section below. You are not
restricted to only this set of sources.

Development of your project will occur in either Matlab or C++. In either case, you should
perform all development within a Git repository on the bitbucket.org site. Your repository
should be named “Math6321-name” where your last name is provided, e.g. mine would be
“Math6321-Reynolds”. Your repository must be private, and you must grant “drreynolds”
read/write access. Due to your potential unfamiliarity with C++ prior to this class, expectations
on the computations in your project will be adjusted appropriately depending on your choice of
computing language.

You may choose to investigate either explicit or ImEx methods:

Expl: You must test three SSP methods against three non-SSP methods of identical order. These
methods must have different orders of accuracy, at least orders 2, 3 and 4. These must be
applied to at least two different scalar-valued hyperbolic test problems (1), and you must
use at least 4th-order WENO finite differences for the spatial derivative term.

ImEx: You must test two SSP methods against two non-SSP methods of identical order. These
methods must have different orders of accuracy, at least orders 2 and 3. These must be
applied to at least two different scalar-valued advection-reaction

∂tU(t, x) + ∂xF (U(t, x)) = G(t, U).

or advection-diffusion

∂tU(t, x) + ∂xF (U(t, x)) = ∂x2G(U(t, x)).

test problems. In both of the above, G would represent the stiff (implicit) terms, while
F would represent the nonstiff (explicit) terms. For the spatial derivative on F you may
use either a stable finite-volume scheme (e.g. Lax-Friedrichs) or a WENO finite difference
of order at least 2; for the spatial derivatives on any diffusion terms you may use simple
second-order centered finite differences.

The test problems should be of your own choosing, and may come from various journal articles
that you encounter in your work. For each test, you should compare the asymptotic accuracy
of your methods using a variety of time step sizes.
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