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Introduction

This project will focus on numerical methods for systems of ordinary differential equations where
some terms are stiff while others are not. Let us consider a simple initial value problem, but
where the right-hand side is comprised of two terms,

y′ = fE(t, y) + fI(t, y), y(t0) = y0, y ∈ Rn. (1)

Traditionally, the choice of using an explicit or implicit method on an IVP derives from whether
the problem is “stiff”, i.e. the linearization of the right-hand side results in some eigenvalues
with large negative real part, and other eigenvalues with much smaller magnitude. Since these
large eigenvalues result in a rapid decay toward the more slowly-varying solution defined by
the smaller eigenvalues, once the solution is on the slow manifold the dynamical time scale is
determined by the smaller eigenvalues as opposed to the large ones. Here, we will consider the
term fE to be composed of non-stiff terms, and the term fI to be composed of stiff terms.

Such problems abound in nature, and typically arise when modeling a coupled set of physical
systems, wherein each physical process operates at a slightly different time scale, or in a PDE
system under a method-of-lines discretization, where spatial semi-discretization of some terms
results in more restrictive stability conditions than other terms.

For such problems, instead of employing a single explicit or implicit method on the full problem
(1), a more “convenient” approach is to apply an explicit method to the non-stiff portion (fE)
and an implicit method to the stiff portion (fI). Such methods abound in the scientific and
engineering literature, where scientists often somewhat arbitrarily combine their favorite explicit
and implicit methods together to form an “operator-split”, or “implicit-explicit” (ImEx) method.

For example, the simplest ImEx method for the problem (1) could combine the explicit and
implicit Euler methods together,

yn+1 = yn + hfE(tn, yn) + hfI(tn+1, yn+1), n = 0, . . . . (2)

where we use yn to denote the approximation to y(tn). To better understand the method (2),
let us first re-write it equivalently as

y∗ = yn + hfE(tn, yn),
yn+1 = y∗ + hfI(tn+1, yn+1),

n = 0, . . . . (3)

We immediately see the appeal of operator-splitting: one may sequentially use separate methods
to evolve each physical term, using solution methods that may be highly tuned to that particular
form of operator. For example, take the rather standard scenario in which the non-stiff term
fE is highly nonlinear, but the stiff term fI is linear – a fully implicit method must perform
a nonlinear solve that may use many iterations, but the operator-split method requires only a
single linear solve.

One of the most popular extensions of this idea was proposed in 1968 by Gilbert Strang [1]:



(a) first evolve the explicit portion for a time step of size h/2,

(b) second evolve the implicit portion for a time step of size h,

(c) third evolve the explicit portion for a time step of size h/2.

Referred to as “Strang-splitting”, if the explicit and implicit methods used in these steps are at
least O

(
h2

)
-accurate, then for many [typically linear] problems this split method will also be

O
(
h2

)
-accurate.

Unfortunately, since such convenient but naive splittings effectively ignore the couplings between
fE and fI , they often experience some significant drawbacks:

• it can be difficult to achieve accuracies better than O
(
h2

)
,

• even for time step sizes that are stable for each component method, the coupled system
may remain unstable.

Project

The goal of this project is to investigate higher-order accurate ImEx methods for systems of
initial value problems. These ImEx methods may be of either linear multistep, Runge-Kutta,
deferred-correction or extrapolation type (or others you might find). Given the wide array of
different available techniques, I expect that no two students will choose the same methods. To
help get you started, I have provided a variety of papers in the “References” section below. You
are not restricted to only this set of sources.

Development of your project will occur in either Matlab or C++. In either case, you should
perform all development within a Git repository on the bitbucket.org site. Your repository
should be named “Math6321-name” where your last name is provided, e.g. mine would be
“Math6321-Reynolds”. Your repository must be private, and you must grant “drreynolds”
read/write access. Due to your potential unfamiliarity with C++ prior to this class, expectations
on the computations in your project will be adjusted appropriately depending on your choice of
computing language.

You should investigate at least three ImEx methods, at most one of which should be one of the
two simple methods above. You should test your code on at least three test problems of your
own choosing, and may come from various journal articles that you encounter in your work. For
each test, you should compare the asymptotic accuracy of your methods using a variety of time
step sizes. All of your problems must include non-trivial couplings between the implicit and
explicit components, i.e. you may not use a test problem of the form[

y1
y2

]′
=

[
f1(t, y1)
f2(t, y2)

]
. (4)

At least one of your test problems should be chosen to exercise the stability of the ImEx methods.
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