
Math 6321, Fall 2016
Due 11 November

Homework 5 – Linear Multistep Methods

All codes for this homework should be turned in via your personal Bitbucket repository, in a
folder named HW5. You must include a Makefile in that folder that will build all of your codes
for the assignment using only the command make.

1. Chapter 6, number 11 from the book.

2. The Adams-Moulton methods are based on the formula

yn+1 = yn +

∫ tn+1

tn

f(t, y(t)) dt,

where the integrand f(t, y(t)) is replaced by a polynomial interpolant through the data
{(tn−p, fn−p), . . . , (tn, fn), (tn+1, fn+1)}, where we have denoted fn ≡ f(tn, yn). As an alterna-
tive, consider integration over [tn−1, tn+1],

yn+1 = yn−1 +

∫ tn+1

tn−1

f(t, y(t)) dt,

where we replace the integrand f(t, y(t)) with the quadratic polynomial interpolant through
the data {(tn−1, fn−1), (tn, fn), (tn+1, fn+1)}. Derive the resulting linear multistep method, and
plot its linear stability region. Is the method A-stable?

3. A well-known property of iterative nonlinear solvers is that they are more robust and
efficient when started with a good initial guess. Modify the general linear multistep time stepper
from class, so that the initial condition for each Newton solve is computed using the explicit
Euler method. Do not change the file names, class names, or function arguments from those in
the code that was provided.

Write a single main() routine in a file prob3.cpp (your Makefile should generate an executable
named prob3.exe) that uses your new method to accomplish the following tasks:

(a) Construct the O(h3) Adams-Moulton time stepper.

(b) Construct the O(h3) BDF time stepper.

(c) Compute the missing initial conditions for both methods using the trapezoidal method.

(d) Apply both solvers to the problem

y′ = λy +
1

1 + t2
− λ tan−1(t), y(0) = 0,

with λ = {−10,−100,−1000,−10000}, h = {10−1, 10−2, 10−3, 10−4}, t ∈ [0, 3], and a time
output frequency dtout of 0.3.



(e) At each output time, compute the absolute error in the computed solution (do not print
anything to stdout); combine these errors to determine the maximum error over all output
times, and at the end of the time steps output this overall error to screen.

(f) Using your errors from part (e) and the time step sizes h, compute and output an estimate
of the convergence rate for both methods for each value of λ and h.

Note: based on the above instructions, you should only print out one set of values (error and
convergence rate) for each combination of {λ, h, method}. Your entire set of output should fit
in around 40 to 50 lines of text.

In a few sentences on paper, discuss the significance of your results.

4. Derive a linear multistep method of the form

yn+1 = a0 yn + a1 yn−1 + a2 yn−2 + h [b−1 f(tn+1, yn+1) + b0 f(tn, yn) + b1 f(tn−1, yn−1)] ,

where none of the coefficients ai or bi are zero. Your method must be consistent, stable, con-
vergent, and at least third order accurate (justify each of these in your answer). Plot the linear
stability region for your method.


