
Exam 2

Math 3316, Fall 2016
3 November 2016

Name:

On my honor, I have neither given nor received aid on this exam.

Signature:

Read all of the following information before starting the
exam:

• Show all work, clearly and in order, if you want to get full
credit. I reserve the right to take off points if I cannot see
how you arrived at your answer (even if your final answer is
correct).

• Justify your answers algebraically whenever possible to ensure
full credit.

• No calculators or other electronic devices are permitted with-
out the explicit consent of the instructor.

• This exam is open book and open notes.

• Circle or otherwise indicate your final answers.

• Please keep your written answers brief; be clear and to the
point. I will take points off for rambling and for incorrect or
irrelevant statements.

• This test has 5 problems and is worth 100 points. It is your
responsibility to make sure that you have all of the pages!

• Good luck!
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1. The following data are generated by f(x) = 1− x2.

xi -1 0 1
yi 0 1 0

(1) Interpolate the data by a polynomial p(x) of degree 2 in Lagrange form.
(2) Interpolate the data by a polynomial q(x) of degree 2 in Newton form.
(3) Explain why f(x), p(x) and q(x) must be the same.
(4) If a new data point (2, 3) is added, build from p(x) a new interpolating polynomial that
interpolates the new data (including the old data and the new data point).



2. Bound the error in approximating the function f(x) = e3x with polynomial interpolation
when using 3 evenly-spaced points in the interval

[
0, 1

2

]
. Bound the error resulting from using 5

evenly-spaced points in the same interval. For your convenience, a plot of the function is given
below. You do not need to simplify fractions, just show me all the numbers.
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3. Using the 2 points f(x− h) and f(x + 2h) we want to derive an approximation

f ′(x) ≈ w1f(x− h) + w2f(x + 2h).

(a) Write the linear system that you must solve to find the coefficients wj (do not solve).

(b) If the solution to this system is w1 = − 1
3h and w2 = 1

3h , write the approximation formula
for f ′(x).

(c) What is the order of accuracy for this approximation (e.g. O(h8))?



4. Let f(x) = 3x2 − 3.

(a) Find the exact value
∫ 4
0 f(x) dx.

(b) Approximate
∫ 4
0 f(x) dx using the composite trapezoid rule with 2 equally spaced subin-

tervals. What is the relative error in this approximation?

(c) Approximate
∫ 4
0 f(x) dx using the basic Simpson’s rule. What is the error in this approx-

imation? Why is the error reasonable?

(d) Apply the Gaussian quadrature rule
∫ 1
−1 f(x) dx ≈ f(−

√
1/3) + f(

√
1/3) to approximate∫ 4

0 f(x) dx. What is the highest degree of polynomial for which this rule is exact?



5. Derive the quadrature rule R(f) = f(x0) + A1f(x1) (i.e. determine x0, x1 and A1)
to approximate I(f) =

∫ 1
−1 f(x) dx by maximizing its DOP (degree of precision). What is the

DOP of your derived rule?
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