
Exam 1

Math 3316, Fall 2016
6 October 2016

Name:

On my honor, I have neither given nor received aid from others on this
exam.

Signature:

Read all of the following information before starting
the exam:

• Show all work, clearly and in order, if you want to get full
credit. I reserve the right to take off points if I cannot
see how you arrived at your answer (even if your final
answer is correct).

• Justify your answers algebraically whenever possible to
ensure full credit.

• No calculators or other electronic devices are permitted
without the explicit consent of the instructor.

• This exam is open book and open notes.

• Circle or otherwise indicate your final answers.

• Please keep your written answers brief; be clear and to
the point. I will take points off for rambling and for
incorrect or irrelevant statements.

• This test has 5 problems and is worth 100 points. It is
your responsibility to make sure that you have all of the
pages!

• Good luck!
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1.

(1) The error of an approximation may come from or .

(2) The polynomial p(x) = 2 + 3x + 4x2 + 5x3 can be written in a nested multiplication
form as . It can be evaluated by Horner’s algorithm
using multiplications and additions.

(3) A double precision floating-point representation uses bits to represent a
real number. One bit is used for the of the number, 11 bits are used for

, and the other bits are used for .

(4) The distance between 1 and the next machine number after 1 is called .
It implies the number of significant digits of a floating-point representation. The
double precision floating-point representation of a number has about signif-
icant decimal digits.

(5) Catastrophic cancellation occurs when subtracting two approximate num-
bers. ln(x + 1) − ln x can be re-arranged as to avoid catastrophic
cancellation.

(6) Naive Gaussian elimination can fail even for a nonsingular linear system. The
strategy is therefore introduced in Gaussian elimination process.

With this strategy, the magnitude of a multiplier is always 1.

(7) For a computed solution of a linear system Ax = b, the norm of the error vector
e indicates how accurate is, while the norm of the residual vector r
indicates how well is satisfied. The error vector e and the residual
vector r are related by the equation .

(8) A fixed point of the equation x = g(x) is the x-coordinate of the intersection of the
line and the curve . The fixed point iteration for the
fixed point problem x = g(x) is .

(9) The order of convergence of Secant method for a simple root is . The order
of convergence of Newton’s method for a root of multiplicity m ≥ 2 is .

(10) Use a figure to illustrate that Newton’s method does not converge to the desired
root if the initial guess x0 is chosed improperly.



2. (1) Many linear systems have a special structure that may be exploited to achieve
extra efficiency. Of particular importance are sparse systems, where most of the entries are
zero. Consider lower-triangular matrices comprised of only the diagonal and subdiagonal,
e.g.

A =


A0,0

A1,0 A1,1

. . . . . .

An−1,n−2 An−1,n−1


Rewrite the following code for the basic Forward Substitution algorithm to take advantage
of this nonzero structure.

Forward Substitution Algo-
rithm:

for (i = 0; i < n; i++) {
for (j = 0; j < i; j++)

b(i) -= A(i, j) ∗ x(j);
x(i) = b(i)/A(i, i);

}

(2) Consider the following code block using our Matrix C++ class:

Matrix R = Random(5000,2000); // create Matrix of random numbers

double mean = 0.0; // initialize result

for (size_t i=0; i<5000; i++) {

for (size_t j=0; j<2000; j++) {

mean += R(i,j)/5000.0/2000.0; // update average value

}

}

cout << "mean value =" << mean << endl; // output the result

Rewrite the above code block to speed up the calculation, if at all possible.



3. Build the degree 3 Taylor polynomial s3(x) for f(x) = ln x around the point c = 1.
If f(x) is approximated by s3(x) for 1 ≤ x ≤ 1.01, find an upper bound for the error of
this approximation using Taylor’s remainder associated with s3(x). By extending your
derivation of s3(x), write the formula of Taylor’s remainder associated with sn(x).



4. Consider the function f(x) shown below to answer the following questions:

(a) Given the interval [−2, 3], will the bisection method converge to a root? If so, which
root? If not, why?

(b) Find an interval [a, b] containing the middle root, x∗, and for which the bisection
method is guaranteed to converge to x∗.

(c) Find the minimum number of middle points needed to guarantee an approximation
of x∗ within an accuracy of 2−20, using an interval of length b− a = 2.
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5. The reciprocal of a nonzero number b is the root r of the equation 1− 1

bx
= 0. We

want to find the reciprocal by applying a root finding method to the equation.

(a) What is your f(x) in your root finding prolblem?

(b) Formulate this as a fixed-point problem. What is g(x) in your fixed-point problem?

(c) Write the iteration formula of Newton’s method on this problem. Simplify your
answer to show that the reciprocal can be computed without division!

(d) Show that the root is a simple root. If your Newton’s iteration converges (for a
good initial guess), what is the order of convergence?

(e) Write the iteration formula of Secant method on this problem. Simplify your answer.
Can the reciprocal be computed without division using Secant method?
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