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Introduction
This project will focus on the development and use of symplectic methods for evolution of ODEs
describing Hamiltonian systems. Such systems of ODEs may be written

ṗ = −∂qH(p, q), (1)
q̇ = ∂pH(p, q),

where the Hamiltonian H(p1, p2, . . . , pd, q1, q2, . . . , qd) typically represents the total energy, qi

gives the position coordinates, and pi represents the momentum coordinates for d degrees of
freedom. Such systems are used in numerous areas of physics, mechanics and engineering, and
exhibit very interesting properties. For instance, it is easy to verify that along the solution
curves of (1),

H(p(t), q(t)) = constant. (2)

A specific result of this is that a Hamiltonian system of equations conserves energy.

Unfortunately, many classical numerical methods for solving systems of ODEs do not automat-
ically retain such “geometric” constraints on the solution, no matter how small a time step size
is chosen or how accurate the method is proven to be. As a result, there has been significant
recent research into numerical methods that can automatically capture the underlying geometric
structure of solutions; such methods are called symplectic.

The Two-Body Problem (from [1])
We wish to consider planetary orbits. We will begin with the two-body problem, wherein we
consider the orbit of a single planet around a large star. As a star is much larger than a
planet, we choose the star as the center of our coordinate system, and consider the planet’s
two-dimensional elliptical orbit around the star. The position of the planet is given by the
coordinates q = (q1, q2), with the planet’s velocity given by p = (p1, p2) ≡ q̇.
Using a suitable normalization, the motion of the planet can be described by the Hamiltonian
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For this problem, it turns out that not only is the total energy H(p, q) be conserved, but so is
the angular momentum,
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= q1p2 − q2p1. (4)

We will consider the initial position and velocity of the planet to be

q(0) = (1− e, 0)T , p(0) =
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, (5)

where e ∈ [0, 1) is the orbital eccentricity; in this project you will use e = 0.8, and you should
integrate to a final time of Tf = 100.



The Outer Solar System (adapted from [1])
We next consider the orbits of the 4 outer planets, Jupiter, Saturn, Uranus and Neptune (sorry
Pluto, but you’re not a planet anymore). Since these planets are rather large, their orbits can
affect one another (and possibly even the Sun). Also, they do not all orbit through the same
two-dimensional plane. Therefore, we cannot just use 4 copies of our earlier Hamiltonian (3),
and instead must consider the N-body Hamiltonian,

H(p0, p1, p2, p3, p4, q0, q1, q2, q3, q4) =
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Here, we have the following variables:

• qi ∈ IR3 and pi ∈ IR3 give the position and velocity of the body i.

• We consider the 5 bodies {Sun, Jupiter, Saturn, Uranus, Neptune}.

• The gravitational constant is G = 2.95912208286 · 10−4.

• All masses have been normalized to the mass of the Sun, so we have m0 = 1, m1 =
0.000954786104043, m2 = 0.000285583733151, m3 = 0.0000437273164546 and m4 =
0.0000517759138449.

• The bodies have initial positions q0 = (0, 0, 0)T , q1 = (−3.5025653,−3.8169847,−1.5507963)T ,
q2 = (9.0755314,−3.0458353,−1.6483708)T , q3 = (8.3101420,−16.2901086,−7.2521278)T

and q4 = (11.4707666,−25.7294829,−10.8169456)T .

• The bodies have initial velocities p0 = (0, 0, 0)T , p1 = (0.00565429,−0.00412490,−0.00190589)T ,
p2 = (0.00168318, 0.00483525, 0.00192462)T , p3 = (0.00354178, 0.00137102, 0.00055029)T

and p4 = (0.00288930, 0.00114527, 0.00039677)T .

• Distances are given in astronomical units: 1 A.U. equals 1.4959787 · 108 km.

• Times are given in earth days. In this project, you should integrate to a final time of
Tf = 105 earth days.

Numerical Methods
For these problems, you will compare three numerical methods:

a. explicit Euler,

b. Störmer-Verlet [1], and

c. a high-order (at least O(h3)) symplectic method of your choosing.

For all tests, you should report on each method’s ability to conserve total energy, in the form
of a plot showing total energy versus time. In addition, for the two-body problem you should
report on how well the methods conserve angular momentum.

It is also possible to determine an analytical solution to the two-body problem; you should find
this and use it to analyze the errors of each method. Various runs at different fixed time step
sizes h should be used to verify the analytical order of accuracy for each method.



Finally, your higher-order programs for the N-body problem will compete against one another
at the end of the semester. I will run all codes on the same computer, using a new set of initial
conditions, and they will be judged based on their computational efficiency, symplecticness,
solution accuracy and programming elegance.
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