
Math 5316, Spring 2019
Due 3 May 2019

Homework 6 – SVD, Eigenvalues and Eigenvectors

1. Let A ∈ Rm×n, m ≥ n, rank(A) = n, with singular values σ1 ≥ · · · ≥ σn > 0, and let
A = UΣV T .

(a) Determine singular value decompositions for the matrices (ATA)−1, (ATA)−1AT , A(ATA)−1

and A(ATA)−1AT in terms of the SVD of A.

(b) Use the results from part (a) to prove that ‖(ATA)−1‖2 = σ−2
n , ‖(ATA)−1AT ‖2 = σ−1

n ,
‖A(ATA)−1‖2 = σ−1

n , and ‖A(ATA)−1AT ‖2 = 1.

2. Let A ∈ Cn×n.

(a) Let (λ, v) ∈ C× Cn be an eigenpair of A with ‖v‖2 = 1. Prove that λ = v∗Av.

(b) Prove that if A is real-valued and symmetric, then all of its eigenvalues are real numbers.
Hint: prove that (v∗Av)∗ = v∗Av (you’ll need to justify why this is sufficient).

Note: in the previous problem you have proven one piece of the “Spectral Theorem” (from
Intro. Linear Algebra).

Spectral Theorem: Let A ∈ Rn×n be symmetric. Then

(a) All eigenvalues of A are real.

(b) The geometric multiplicity of each eigenspace equals the algebraic multiplicity of the cor-
responding eigenvalue (i.e., A is diagonalizable).

(c) Each eigenspace is orthogonal to one another, and each eigenspace admits an orthonormal
basis.

(d) Hence, A is orthogonally diagonalizable, i.e., A = QDQT where Q ∈ Rn×n is an orthogonal
matrix, and D ∈ Rn×n is a diagonal matrix with the eigenvalues of A on its diagonal.

You may use this theorem in problem 3.

3. Let A ∈ Rn×n be symmetric. Prove that A is positive definite if and only if all of its
eigenvalues are positive. Hint: assume SPD and prove that all λs are positive by investigating
vTAv for each eigenpair (λ, v) ∈ R×Rn. For the reverse implication, assume all λs are positive,
let x ∈ Rn be nonzero, use (d) from the Spectral Theorem to guarantee that y = QTx is nonzero,
and prove that xTAx > 0.



4. MATLAB/Python: In the accompanying file, climate data.txt, the average global
temperature (in degrees Farenheit) is provided for the years 1880 through 2016 [from noaa.gov].
The first column of data contains the number of years since 1880 (i.e. “10” would be the year
1890), and the second column contains the average global temperature for that year. As with
any natural phenomena, these temperatures consist of underlying trends overlaid with random
fluctuations. You will use least squares (both via QR factorization and SVD) in an attempt to
extract these underlying trends.

Create a script named LeastSquares.m or LeastSquares.py that performs the following tasks:

(a) Load the climate data.txt file into a n × 2 matrix, data using either the MATLAB
command
data = load(’climate data.txt’)

or the Python command
data = numpy.loadtxt(’climate data.txt’)

(b) Construct the over-determined linear system Ax = b corresponding to fitting a polynomial
of the form

p(t) = x1t
3 + x2t

2 + x3t+ x4 (1)

through the supplied data, i.e., the ith row of the matrix A will contain the entries[
t3i t2i ti 1

]
and bi = tempi, where ti is the ith ‘year’ and tempi is the ith ‘temperature’ from the data
set, and the solution vector will be

x =
[
x1 x2 x3 x4

]T
.

(c) Use the MATLAB command qr or the Python command numpy.linalg.qr to construct
the factorization A = QR. Check the documentation for this function to know the type of
QR factorization that is returned!

(d) Solve the least-squares problem for x using b, Q and R. You may use the MATLAB “back-
slash” or the Python numpy.linalg.solve when solving with R (or our bwdsub row.m or
bwdsub col.py routines from class).

(e) Set an array dates to equal
[
0 1 . . . 145

]
, corresponding to the date range 1880

through 2025.

(f) Set an array projections1 to equal your model p(t) from equation (1), evaluated at each
date in the dates array.

(g) Construct the over-determined linear system By = d corresponding to fitting a model of
the form

q(t) = ex1t2+x2t+x3 (2)

through the supplied data. Here, to do this as a linear least squares fit, you’ll need to
construct B and d to fit the modified model

log(q(t)) = x1t
2 + x2t+ x3.

https://data.giss.nasa.gov/gistemp/tabledata_v3/GLB.Ts.txt


(h) Use the MATLAB command svd or the Python command numpy.linalg.svd to construct
the factorization B = UΣV T . Check the documentation for this function to understand
the structures that are returned!

(i) Solve the least-squares problem for y using d, U , Σ and V .

(j) Set an array projections2 to equal your model q(t) from equation (2), evaluated at each
date in the dates array.

(k) In a single figure window, plot the original data using black dots, the projections p(t) using
a blue solid line, and the projections q(t) using a red dashed line.


