
Math 5316, Spring 2019
Due 29 March 2019

Homework 4 – Error Propagation and Remedies

1. Consider the linear system Ax = b, with the approximate solution x̂ and corresponding
residual r̂ = b−Ax̂. Let α = 1

‖x̂‖22
, and define δA = αr̂x̂T .

(a) Prove that x̂ is the exact solution of (A+ δA)x̂ = b.

(b) Prove that
‖δAx̂‖2
‖x̂‖2

=
‖r̂‖2
‖x̂‖2

.

(c) Prove that for arbitrary vector x such that ‖x‖2 = 1,

‖δAx‖2 ≤
‖r̂‖2
‖x̂‖2

.

(d) Combine your results from parts (b) and (c) to prove that

‖δA‖2 =
‖r̂‖2
‖x̂‖2

.

Notes:

1. The result from (d) is equivalent to

‖δA‖2
‖A‖2

=
‖r̂‖2

‖A‖2 ‖x̂‖2
,

and so if ‖r̂‖2 is small relative to ‖A‖2 ‖x̂‖2, then whichever algorithm was used to produce
x̂ is backwards stable for the problem.

2. This result guarantees that an algorithm designed to reduce the residual in a linear system
can help improve the backwards stability of a linear solver. This is the motivation behind
“Iterative Refinement”, the topic of the next question.

2. Write a single Matlab function with interface

[x,its] = IterativeRefinement(A,b,x,tol,maxit)

or the Python equivalent,

def IterativeRefinement(A,b,x,tol,maxit):

...

return [x,its]



in a file named IterativeRefinement.m or IterativeRefinement.py, that performs the iter-
ative refinement algorithm – equation (2.9.14) in the book, or Algorithm 9 in the lecture notes.
The inputs to this routine are:

• A ∈ Rn×n – the linear system matrix (assumed nonsingular)

• b ∈ Rn – the linear system right-hand side (assumed nonzero)

• x ∈ Rn – the initial guess

• tol ∈ R – the desired solution tolerance (assumed positive), and

• maxit ∈ N – the maximum allowed number of iterations.

Similarly, the outputs are

• x ∈ Rn – the ‘refined’ solution from the algorithm, and

• its ∈ N – the actual number of iterations performed.

Before starting any iterations of the algorithm, first compute the naive LU factorization of A
using your function from homework 3. Use these factors, along with our fwdsub and bwdsub

routines from class, to solve the linear systems Az = r̂ that arise at each iteration of the iterative
refinement algorithm.

Create a testing script named TestIR.m or TestIR.py that performs the following for each of
the values n ∈ {160, 320, 480}:

• Create A ∈ Rn×n containing uniformly-distributed random numbers in [−1, 1]

• Prints κ2(A) [use cond in Matlab, or numpy.linalg.cond in Python]

• Create x ∈ Rn containing uniformly-distributed random numbers in [0, 1]

• Create b = Ax

• Create xguess = 0 ∈ Rn

• For each tol ∈ {10−9, 10−11, 10−13}:

– Call your IterativeRefinement routine with these inputs, and a maximum number
of 10 iterations.

– Print the final solution relative error

‖x− xapprox‖2
‖x‖2

,

the final relative residual
‖b−Axapprox‖2

‖x‖2
,

and the corresponding number of iterations used by your algorithm.


