
Math 5316, Spring 2019
Due 22 March 2019

Homework 3 – Sensitivity of Linear Systems

1. Consider the function ‖ · ‖A : Rn → R, defined by ‖v‖A =
(
vTAv

)1/2
, where A ∈ Rn×n is

a symmetric positive semidefinite matrix. It follows that

(i) ‖x‖ ≥ 0 and

(ii) ‖αx‖ = |α|‖x‖,

for arbtrary vectors x, y ∈ Rn and for arbitrary constant α ∈ R.
Prove the following variant of the Cauchy-Schwarz inequality for this function:

|xTAy| ≤ ‖x‖A ‖y‖A.

Note: this may be used to show that ‖x+y‖A ≤ ‖x‖A+‖y‖A, and hence ‖·‖A is a vector seminorm
– i.e., it satisfies all properties of a norm except ‖x‖A = 0 ⇔ x = 0.

2. Prove that for all x ∈ Rn,

‖x‖∞ ≤ ‖x‖2 ≤
√
n ‖x‖∞.

Hints are provided in Exercise 2.1.32

3. Let A ∈ Rn×n be nonsingular, let Â = A + δA, b̂ = b + δb and x̂ = x + δx, with Ax = b
and Âx̂ = b̂, where b 6= 0 and b̂ 6= 0 (and hence x 6= 0 and x̂ 6= 0). Let ‖ · ‖ denote both a vector
norm and its induced matrix norm. Prove that

‖δx‖
‖x̂‖

≤ κ(A)

(
‖δA‖
‖A‖

+
‖δb‖
‖b̂‖

+
‖δA‖
‖A‖

‖δb‖
‖b̂‖

)
.

Hints are provided in Exercise 2.3.12

4. Write a single Matlab function with interface

[L,U] = naiveLU(A)

or the Python equivalent,

def naiveLU(A):

...

return [L, U]

in a file named naiveLU.m or naiveLU.py, that computes the naive LU factorization of the
input matrix A. Your algorithm should return a unit lower-triangular matrix L and an upper-
triangular matrix U such that A = LU (if it finishes). At each outer iteration, you should add a
check to ensure that the current pivot has magnitude larger than 10−14; if this test fails then you



should call error (Matlab) or raise ValueError (Python) with an error message indicating an
essentially-zero pivot. Python users: be certain that your implementation does not modify the
input matrix A.

Create a testing script named TestLU.m or TestLU.py that performs the following for each of
the values n = {20, 40, 80, 160, 320}:

• Create A ∈ Rn×n containing uniformly-distributed random numbers in [−5, 5] – in Matlab
you can use the command

A = 10*rand(n,n) - 5*ones(n,n);

or in Python the command

A = 10*np.random.rand(n,n) - 5*np.ones((n,n))

where numpy has been loaded as np.

• Create x ∈ Rn containing uniformly-distributed random numbers in [0, 1]

• Create b = Ax

• Compute the LU factorization with partial pivoting, PA = LU , using the built-in lu

(Matlab) or scipy.linalg.lu factor (Python) routine. Solve Ax̃ = b for x̃ – in Matlab
use our fwdsub and bwdsub routines from class; in Python use the scipy.linalg.lu solve

routine.

• Compute the naive LU factorization, A = LU , using your naiveLU routine, and use our
fwdsub and bwdsub routines from class to solve for x̂ in Ax̂ = b.

• Output the errors ‖x− x̂‖ and ‖x− x̃‖ to the screen.

Add a “print” statement to the end of your TestLU script with a short discussion (1-2 sentences)
discussing your results.


