
Math 5316, Spring 2019
Due February 22

Homework 2 – Gaussian Elimination and Variants

1. Let A =

[
A11 A12

A21 A22

]
be SPD, and suppose A11 ∈ Rj×j and A22 ∈ Rk×k. By

Proposition 1.4.53, A11 is SPD. Let R11 be the Cholesky factor of A11, let R12 = R−T11 A12, and
let Ã22 = A22 −RT

12R12. The matrix Ã22 is called the Schur complement of A11 in A.

(a) Show that Ã22 = A22 −A21A
−1
11 A12.

(b) Establish a decomposition of A that is similar to equation (1.4.57) in the book, but where

the middle matrix is

[
I 0

0 Ã22

]
.

(c) Prove that Ã22 is SPD.

2. Let L ∈ Cn×n be a nonsingular, lower-triangular matrix.

(a) Prove that L−1 is lower triangular. For an outline of the proof, see Exercise 1.7.44 on page
89 of the book.

(b) Prove that the entries on the main diagonal of L−1 are l−111 , l
−1
22 , . . . , l

−1
nn , and hence L−1 is

unit lower triangular if L is.

3. The Matlab command [L,U,P] = lu(A) computes the LU factorization with partial
pivoting of the matrix A, returning the LU factors and the row permutation matrix P .
Similarly, the Python command linalg.lu factor(A) computes the LU factorization with
partial pivoting of the matrix A, returning structures that may be subsequently used (via
linalg.lu solve(A) when solving a linear system.

We may use these to compute the matrix inverse A−1 in the following manner. Let X = A−1,
with columns X = [x1, x2, · · · , xn]. Then AX = I may be written

A[x1, x2, · · · , xn] = [e1, e2, · · · , en]

where ei are the columns of I. Examining one column at a time, we see that Axi = ei, for
i = 1, . . . , n.

Write a single Matlab function with interface

function Ai = inverse(A)

or the Python equivalent

def inverse(A):

...

return Ai



in a file named inverse.m or inverse.py, that computes A−1 by first computing the LU
decomposition of A, and then fills A−1 by solving Axi = ei for one column at a time. Your
function should return an error message if A is singular:

• Matlab: use the try command to catch the error message sent by [L,U,P] = lu(A); if
this occurs call the error function with a relevant message. Additionally, check that the
diagonal values of U have magnitudes significantly larger than roundoff (e.g., 10−14), since
lu might complete even for a singular matrix.

• Python: use the try and except commands to catch the error message sent by
lu, piv = lu factor(A); if this occurs call raise ValueError() with a relevant mes-
sage. Additionally, check that the diagonal values of lu have magnitudes significantly
larger than roundoff (e.g., 10−14), since lu factor might complete even for a singular
matrix.

Write a Matlab/Python script test inv.m or test inv.py that performs the following tasks:

(a) For matrices A ∈ Rn×n with sizes n = {125, 250, 500, 1000}, create a random vector
x ∈ Rn, and compute b = Ax. Then measure and output the runtime of the following two
experiments:

– Compute A−1 using your inverse() function, and compute x̂ = A−1b.

– Compute the LU factorization of A, and use this to solve Ax = b, storing your solution
in x̃. Matlab scripts should use the forward/backward substitution functions that I
provided in class for this part (part of our “Cholesky” demo).

For each value of n, output the two runtimes, as well as the relative errors ‖x−x̂‖‖x‖ and
‖x−x̃‖
‖x‖ , to the screen.

(b) Test your inverse() function on a singular matrix of dimension at least 4×4. This should
be your last test in the script (since it should halt the program with an error).


