
Math 3304, Spring 2019
Due April 5

Homework 9 – Eigenvalues and Eigenvectors

1. The matrix A =

 −16 6 −6
−12 2 −6

24 −12 8

 has an eigenvalue λ = −4. Find a basis for the

corresponding eigenspace.

2. Assume that λ is an eigenvalue of a matrix A. Prove that (1 + λ2) is an eigenvalue of
(I +A2). Show and justify all steps. Hint: start with the equation A~x = λ~x where ~x 6= ~0.

3. Find all eigenvalues of the matrix A =

 1 −3 0
−3 1 0

0 0 6

.

4. The algebraic multiplicity of an eigenvalue λ is always greater than or equal to the
dimension of the eigenspace corresponding to λ. For which value(s) of h in the matrix A below
is the eigenspace for λ = 4 two-dimensional:

A =


−1 2 3 1

0 4 1 −1
0 0 1 h
0 0 0 4

 .

5. MATLAB: Eigenvalues and eigenvectors are crucial to the study of discrete dynamical
systems. Here we consider a discrete dynamical model of a zombie apocalypse. In this model,
we’ll consider three distinct zombie populations: infected human, fast zombies, slow zombies.
We organize the zombie population on a particular day k into a vector ~xk, and we define the
matrix A that describes “birth”/transition/death rates of each stage of the population as

~xk =

 ik
fk
sk

 A =

 0 3 0.1
1− r 0.5 0

0 0.3 0.2

 ,
where here we have assumed that in each day:

• 3 humans are infected by fast zombies, but only a tenth of the slow zombies infect a human,

• a fraction r of infected humans are euthanized to prevent the outbreak, but the rest become
fast zombies,

• 20% of the fast zombies are killed and 30% are injured (turning them into slow zombies),

• and 80% of the slow zombies are killed.



With these defined, we can model the population of each group on day k + 1 of the zombie
outbreak by ~xk+1 = A~xk.

Matlab can calculate a vector containing the eigenvalues of A with the command eig(A). Some
of these may be negative or complex, so you can see the magnitude of each eigenvalue with the
command abs(eig(A)). For the value r = 0.5, verify that the largest, or dominant, eigenvalue
of A has magnitude approximately 1.5046.

If we assume an initial population of 20 infected humans and zero fast/slow zombies, and a
euthanasia rate of r = 0.5, we may use our model to estimate the zombie population after 2
days with the command

>> (A^2)*[20; 0; 0]

Use this technique to approximate the zombie population after 20, 40 and 60 days. Given that
there are fewer than 1011 humans on the earth, so if only half of the infected humans are euth-
anized before turning zombie, then by 60 days the zombies have taken over (and obviously the
model would no longer be valid).

Experiment with different values of r and use Matlab’s eig command until you find three values:

a. r1 should have dominant eigenvalue with magnitude as close as possible to 0.98

b. r2 should have dominant eigenvalue with magnitude as close as possible to 1.0

c. r3 should have dominant eigenvalue with magnitude as close as possible to 1.02

Save your r1 value as the variable r1, your r2 value as the variable r2, and your r3 value as the
variable r3.

Using r = r1, calculate the values of ik, fk and sk for the next 100 days, store the results in a
matrix P, plot the populations, and save this picture to disk using the commands:

>> r = r1; % set r to be your r1 value

>> A = [0 3 0.1; 1-r 0.5 0; 0 0.3 0.2]; % create the A matrix

>> x = [20; 0; 0]; % set the initial population

>> P = x; % store the initial population

>> for i=1:100 % loop for 100 days

x = A*x; % compute the next day’s population

P = [P x]; % store the next day’s population

end % end the loop

>> days = 0:100; % set an array for the days

>> plot(days,P) % plot the population vs days

>> xlabel(’days’), ylabel(’zombies’) % add labels

>> legend(’infected’,’fast’,’slow’) % add legend

>> title(’Zombie population for r1’) % add title

>> print -dpng ’zombies_r1.png’ % save plot to disk

Repeat the process with r2 and r3, adjusting the matrix, title and file name appropriately. Turn
in your diary, these three plots, and a short discussion of what happened for each value of r.


