
Math 3304, Spring 2019
Due April 26

Homework 11 – Inner Products, Orthogonality, Orthogonal Sets and Projections

1. In proving the Pythagorean theorem in class, we saw that

‖~u+ ~v‖2 = ‖~u‖2 + 2 ~u · ~v + ‖~v‖2.

Moreover, from the “physics” definition of the dot-product, i.e.

~u · ~v = ‖~u‖ ‖~v‖ cos(θ),

and the fact that cos(θ) ≤ 1, it is obvious that

~u · ~v ≤ ‖~u‖ ‖~v‖ (called the Cauchy-Schwarz inequality).

Use both of the above properties of dot-products and norms to prove the triangle inequality:

‖~u+ ~v‖ ≤ ‖~u‖+ ‖~v‖.

All steps must follow logically from one another, and must be justified.
Note: since norms are non-negative, the triangle inequality is equivalent to ‖~u+~v‖2 ≤ (‖~u‖+ ‖~v‖)2.
I recommend that you start with (‖~u‖+ ‖~v‖)2.

2. Show that {~u1, ~u2, ~u3} is an orthogonal basis for R3, and write ~x as a linear combination
of the vectors {~u1, ~u2, ~u3},

~u1 =

 1
1
−4

 , ~u2 =

 −1
1
0

 , ~u3 =

 −2
−2
−1

 , ~x =

 −11
−3
−17

 .

3. Suppose the subspace S is spanned by the vectors


1
1
−1
−2

 and


−1
−1
2
4

.

(a) Find two vectors that span S⊥.

(b) The calculations in part (a) are the same as solving A~x = ~0 for which matrix A?

Hint: you might want to start with part (b).

4. Let W = Span{~u1, ~u2}. Write ~y as the sum of a vector ~w ∈W and a vector ~z ∈W⊥,

~u1 =


1
−2

2
0

 , ~u2 =


0
−1
−1

2

 , ~y =


17
−11

3
−1

 .



5. MATLAB: First, a tutorial on a few commands:
To extract the third column of a matrix B you can use the command

>> b3 = B(:,3)

To compute the dot-product of two vectors ~u and ~v you can use the command

>> dot(u,v)

To compute the norm of a vector ~v you can use the command

>> norm(v)

As we’ll learn in Section 7.1, if A ∈ Rn×n is symmetric (i.e. AT = A), then its eigenvalues are
real numbers and its eigenvectors form an orthogonal set. Furthermore, since eigenvectors may
be scaled by any nonzero constant, these orthogonal eigenvectors may be normalized to form an
orthonormal set. Hence the diagonalization A = V DV −1 can be written so that the columns
of V are orthonormal. Finally, as we learned in Section 6.2, a square matrix with orthonormal
columns will be an orthogonal matrix.

Perform the following tasks to verify these properties:

(a) Construct a random, symmetric, 6× 6 matrix in MATLAB with the commands

>> A = rand(6,6);

>> A = A+A’;

(b) Compute the eigen-decomposition of A with the command

>> [V,D] = eig(A);

Note: MATLAB automatically normalizes each column of V so that they are unit vectors.

(c) Verify that each eigenvector of A (i.e., each column of V ) is a unit vector.

(d) Verify that the eigenvectors of A form an orthogonal set (Note: parts (c) and (d) prove
that the eigenvectors of A form an orthonormal set).

(e) Verify that V is an orthogonal matrix.

For parts (c)-(e) above, you must recall the definitions of unit vector, orthogonal set, and or-
thogonal matrix, and you must use some combinations of MATLAB commands listed above, or
introduced earlier in the semester.


